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Integer base

base p > 2
alphabet A, = {0,1,--- ,p—1}

m value m(a, - - a1a0) = >_rg aip’
m 7(Ay) =N
m representation (n), = a;---aiao

u N():n
[ Nk:pr(k+1)+ak Vk >0

<N>p - (Ap\{o}) : A;



Integer base - additionner

Digit-wise addition : A, x Ap — Aop_1
example (base 3) : 122412 = 134

Alphabet conversion : Ay,_1 +— A,
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Rational base

m a base g with p > g and p coprime with g

m representation (n)p = a;---ajap :
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Rational base

m a base g with p > g and p coprime with g
m alphabet A, ={0,1,...,p—1}

m evaluation 7(a, - -aja0) = Z?:o(%)(g)i

Example (%—system) m(2)=1 =(20)= % m(21) =2

m representation (n)p = a;---ajap :

P
q
| N():n

quNk:pr(k+1)+ak Vk >0



Rational base

m a base g with p > g and p coprime with g
alphabet A, ={0,1,...,p—1}

m evaluation 7(a, - -aja0) = 27:0(3')(B)i

g
B NCVe=n(A)CQ
q

m representation (n)p = a;---ajap :
q
| NO =n
-quk:pr(k+1)+ak Vk >0
mlp=(N)p
q
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Rational base - Lg

m Lo is prefix-closed
q
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Rational base - Lg

m Lo is prefix-closed
q

m Lp is not rational (not even context-free) [AFS08].
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Rational base - Ve
q

m contains every integer;
n

m contains only numbers of the form s



Rational base - Vg

m contains every integer;

n

gk

m given k, contains every number q—”k for n greater than some
bound ny.

m contains only numbers of the form



Rational base - Additioner
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Problem

Is there a set simple both from
m arithmetical perspective (finitely generated)

m language theory perspective (rationally represented)

Number ‘ Language
Ve (Vo) = A,
q q

m(Le) =N L

P
q q



Problem

Is there a set simple both from
m arithmetical perspective (finitely generated)

m language theory perspective (rationally represented)

The answer is NO:

Main Theorem

M finitely generated additive submonoid of V»
q
= (M)» is not rational.
q
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Bounded Left Iteration Property (BLIP)

A language L is BLIP if

Yu,v, 3 finitely many i uv'is prefix of a word of L

Example : the language {e€, ab, ab.aab, ab.aab.aaab,...}
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m L is "hard” to extend to an infinite rational language.



Bounded Left Iteration Property (BLIP)

A language L is BLIP if

Yu,v, 3 finitely many i uv'is prefix of a word of L

Example : the language {e€, ab, ab.aab, ab.aab.aaab,...}

Intuition 1

m L does not contain an infinite rational language.
[IRS : Greibach 1975]

m L is "hard” to extend to an infinite rational language.

Intuition 2

m Every infinite branch of the tree representation of L is
aperiodic



BLIP - Properties

m Every finite language is BLIP.

m Any finite union of BLIP languages is BLIP.
m Any intersection of BLIP languages is BLIP.
m Any sublanguage of a BLIP language is BLIP.



BLIP - Properties

m Every finite language is BLIP.

m Any finite union of BLIP languages is BLIP.
m Any intersection of BLIP languages is BLIP.
m Any sublanguage of a BLIP language is BLIP.

m Lo is BLIP [AFS08].
q



Theorem A
M finitely generated additive submonoid of V»
q
= (M)¢ is a BLIP language.
q



Structure of a finitely generated submonoid of Vg @

Proposition

M finitely generated additive submonoid of Vp»
q

—= M C U;jc,(N+x;) with [ finite

Since BLIP is stable by sublanguage and finite union
It is enough to prove that for every x € Ve, (N + x) is BLIP.
q
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Incrementer by 3.125 (or "121") in base 3 @
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Incrementer by 3.125 (or "121") in base 3
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The incrementer and BLIP languages

Notation
(L& x) = (S + x), where L = (S).

Theorem B
LC Af,, x e Ve
q
L is not BLIP = (L @ x) is not BLIP



The incrementer and BLIP languages

Notation
(L& x) = (S + x), where L = (S).

Theorem B
LC Af,, x e Ve
q
L is not BLIP = (L @ x) is not BLIP

Theorem B = Theorem A
mdyeVe, (x+y)eN
q
— (N+x+y)CN
— (Le ®x®y)is BLIP
q

m If (Le & x) is not BLIP, neitheris (Lr & x @ y)
q q



Elements of proof

L is not BLIP
<= Ju,v and {w;};, uv'w; € L for infinitely many i.
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L is not BLIP
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WLOG
m |w;| arbitrarily large;
m all w; reach the same state s of the incrementer by x;

m s is stable by every letter of v.



Elements of proof

L is not BLIP
<= Ju,v and {w;};, uv'w; € L for infinitely many i.

WLOG
m |w;| arbitrarily large;
m all w; reach the same state s of the incrementer by x;

m s is stable by every letter of v.

ulu’ s vij(v') s wi|w’;
N

(L@ x) > u'(V')'w] for infinitely many i
<= (L ® x) is not BLIP



Conclusion and future work

M finitely generated submonoid of V»
q

= (M, +) is NOT an automatic structure.



Conclusion and future work

M finitely generated submonoid of V»
q
= (M, +) is NOT an automatic structure.

Conjecture

M additive submonoid N C M and (M) is rational.
(M) = X.A% where X = Lp N AS"
q
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