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—— Abstract

Real-life query languages feature external predicates such as user-defined functions or built-in

arithmetic and string operations. These predicates are often infinite, potentially leading to unsafe
or non-computable queries. To overcome this, traditional languages such as SQL, put significant
syntactic restrictions on the use of external predicates. These restrictions have been relaxed in a
number of modern query languages, each doing it in their own way. Our goal therefore is to provide
a theoretical basis for querying with external predicates. To this end, we formalize queries with
external predicates based on the notion of access patterns. We develop a suitable evaluation model,
based on Turing machines with oracles, and tailor the classical notion of query safety to it. Since
query safety is undecidable in general, we can only produce sufficient conditions for guaranteeing
safety. We do so by developing an inference system to derive safety and computability for relational
algebra, first-order logic, as well as for a language that combines them both.
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1 Introduction

Although first-order logic and relational algebra form a beautiful theoretical basis for query
languages, most real-life queries go beyond their scope. For example, none of the TPC-H and
TPC-DS benchmark queries, designed to represent real-life workloads, is a pure relational
algebra query. One of the key differences is that real-life query languages allow the use of
externally defined predicates, which can conceptually correspond to infinite relations and
which queries can only access in a restricted way, for example, using access patterns, either
explicitly specified or implicit and syntactically enforced.
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Queries with External Predicates

A very basic example of an external predicate is the addition on integers: Add =
{(a,b,c) € Z3 | a + b = c}. Indeed, SQL allows writing SELECT R.a + S.b FROM R,S, which
implicitly gives access to Add. This use of addition is restricted, however, by providing
an access pattern to Add that requires the first two arguments in order to produce the
third. Several modern query languages such as Rel [28], Soufflé [19], and .QL [5] are
less restrictive and allow much more general access, and even explicit handling of infinite
predicates. For example, it is possible in Rel to write the aforementioned SQL query as

def q(z) : exists((z,y)| R(z) and S(y) and Add(z,y, 2) ).

Here, Add is treated just like any database relation, which means that we could also have
returned all y such that exists((z,z) | R(z) and S(z) and Add(z,y, z) ), which would not
have been possible in SQL. This more flexible use of external (potentially infinite) predicates in
modern languages brings new challenges. For example, we need to be able to detect cases like
def ¢'(z,y) : exists((z)| R(z) and Add(z,y, %)) or
def ¢"(z) : exists( (z,y)| R(z) and S(y) and not Add(z,y,z) )
which would return infinite results. Notice that ¢ and ¢’ are very close syntactically (they
both are conjunctive queries without self-joins); this indicates that syntactic restrictions
alone will not suffice.

In practice, the questions we described using Add occur for user-defined functions (UDFs),
which can provide arbitrary, externally programmed code that can be invoked when query-
ing a database. The exact details vary depending on the concrete DBMSs, but in gen-
eral such extensions of basic querying facilities provide the interface CREATE FUNCTION
<name> (<parameter-1list>) RETURNS <return-type>. The return type could be a scalar or
a table. Queries can then use subexpressions of the form name(...). Upon execution, when
provided with concrete parameters, the code for the UDF is inlined in the query execution
code. A naive example of a UDF is Add(x,y) which simply returns x + y; another example
is CountOccurrences (word,text) that returns the number of occurrences of word in text.
A more complex example is PathLen(u,v,1) that returns true iff there is a path from node
u to node v of length 1 in a graph stored in the database (see Example 4).

In this paper, we model UDFs as external predicates with access patterns [12, 13, 14, 22,
23, 26]. Access patterns provide information about parameters that need to be specified in
order to retrieve tuples from a relation corresponding to the predicate. We focus on automatic
detection of queries with external predicates that are computable, aiming at syntactic criteria
for termination. Based on these, a DBMS can immediately discard non-computable queries
rather than letting the user wait for a timeout.

Our contribution is twofold. First, we formalize abstract (language-agnostic) queries with
external predicates and define what it means for such a query to be computable. We propose
a model of computation that is uniform with respect to external predicates: the evaluation
algorithm accesses them via oracles. This reflects how UDFs are handled in execution
engines—as black boxes. Indeed, while the result of a query depends on the semantics of the
UDFs it uses, the evaluation algorithm does not: all the execution engine does is call some
procedures at some points during query evaluation and continue with their results. Next,
in preparation for the second part, we characterize computability in terms of an effective
variant of the well-known notion of safety [8, 11, 21, 27, 29, 30] and a complementary notion
we call testability. Effective safety ensures not only that the output of the query is finite, but
also that a finite superset of the output can be effectively produced; testability amounts to
the decidability of the membership problem associated with the query, meaning that we can
decide if a given tuple is in the output.

Second, we look at concrete query languages. Relational query languages are often
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presented in a dichotomic way: there are declarative languages (such as relational calculus)
that are translated into procedural languages (such as relational algebra) that in turn are
evaluated by a query engine. The reality is more complicated: languages like SQL have
a declarative component (basic SELECT-FROM-WHERE statements) and a procedural one (set
operations UNION, INTERSECT, EXCEPT, explicit JOIN ...ON in FROM). Another such language is
Rel [28], where the user can turn formulas into relations using comprehension and, conversely,
check membership of tuples with variables in complex relational expressions. To reflect this,
we use a formalism called FO/RA, obtained by combining first order logic (FO) and relational
algebra (RA) by means of comprehension and membership tests to go between the two.

In the presence of external predicates, even simple relational algebra expressions are not
necessarily computable. In fact, safety, effective safety, and testability are all undecidable for
FO, RA, and FO/RA. Still, it is desirable to be able to identify a large class of computable
queries. To this end we develop an effective rule system for deriving computability of queries
with external predicates, which works by independently propagating effective safety and
testability through the syntactic representation of queries. Compared to a heuristic algorithm,
an effective inference system offers enhanced explainability, transparency, and extensibility:

computability of a query can be witnessed by a derivation;
the execution engine can guarantee to handle all derivably computable queries and the
class of handled queries can be precisely described to users in terms of inference rules;

new language constructs can be handled by including additional rules, as illustrated in
our inference system for FO/RA, which essentially combines inference systems for FO
and RA, with additional rules handling comprehension and membership tests.
Our system is incomplete (which is the case for every effective inference system for deriving
an undecidable property), but we provide some basic relative completeness results, showing

that our system can capture computability (up to query equivalence) in some restricted cases.

While our actual target is FO/RA, we begin by looking at RA and FO separately, which
allows introducing necessary ingredients gradually. Why consider both FO and RA, if they
are well known to be equivalent? The classical equivalence of RA and FO [2, Chapter
6] relies on the active domain semantics of FO. In the presence of external predicates,

however, we can no longer assume it, since external predicates can have infinite domains.

Moreover, translation-based approaches to safety are generally problematic. One reason is
that safety can get “lost in translation” due to the inherent incompleteness of safety inference
systems, which manifests itself as strong syntax-dependence. Another reason why relying on
translations is a bad idea, is that, in a practical scenario, (un)safety errors would lead to
cryptic error messages, referring to translated queries, not the originals. Safety rules should
therefore cover all constructs of the real language.

Our work has both immediate and long term practical relevance. Newly developed
languages whose syntax allows unsafe queries currently attempt to rule them out using
bespoke solutions that change with every new compiler release. We provide them with a

systematic approach that can be used for base-line guarantees of safety and computability.

In longer term, our results could be used to relax the strict syntactic rules regulating the
use of UDFs in SQL. We envision users specifying access patterns for UDFs and the system
detecting unsafe usage of UDFs in queries.

Organization. Computability theory for queries with external predicates is developed in
Section 2. In Sections 3 and 4 we develop inference systems for RA and FO, and in Section 5
we combine them into an inference system for FO/RA. We describe related work in Section 6
and conclude in Section 7.
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2 Framework

We assume a countably infinite set V of values (containing integers, floats, etc.) from which
we will take the data values in databases. Because we deal with relational algebra, first-order
logic, and a formalism that combines the two, it is convenient to work with a generalized
notion of tuple, that captures both ordinary tuples and valuations of variables. A tuple
schema is a finite set; elements of a tuple schema are called fields. For a tuple schema F, an
F-tuple is simply a function F — V. We write V¥ for the set of all F-tuples. An F-relation
is a (possibly infinite) set R € V¥ of F-tuples. There is exactly one (J-tuple and thus there
are exactly two (J-relations: one that contains the ¢§-tuple, and one that does not. We say
that an Fi-tuple «y extends an Fao-tuple as if 1 2 Fo and aq(f) = as(f) for all f e Fo.
We then also say that as is a restriction of oy (to Fa).

For k € N, we denote the set {1,...,k} as [k]. We refer to [k]-tuples as k-ary tuples, and
identify o € V¥l with (a(l), ce a(k:)) € V¥ where V* is the k-ary Cartesian product of V.
We also use F < [k] to represent “partial” k-ary tuples. We use VI and V¥ interchangeably.
We let V* = U?O:O V*. A k-ary relation or a relation of arity k is a (possibly infinite) set of
k-ary tuples.

2.1 Queries with External Predicates

We work with two kinds of predicates (or relation names), database predicates coming from
an infinite set D, and external predicates coming from an infinite set E, disjoint from . We
assume a fixed function ar : D U E — N that assigns to each predicate R its arity ar(R).

Database predicates are the names of the (finite) relations we store in databases. A
database schema is a finite subset S € D. A database D over schema S is a function that
maps each database predicate R € S to a finite relation D(R) € V() We write DB(S) for
the set of all databases over S.

External predicates correspond to relations that are computed on demand rather than
stored in the database: built-in predicates such as arithmetical functions, or user-defined
predicates such as stored procedures in SQL databases. Crucially, they may be infinite and
we have to specify how they are accessed by the database system. We capture this through
the notions of access patterns and access schemas.

» Definition 1 (Access Pattern). For a finite set F, an access pattern over F is a pair of sets
1,0 c F, written I~~0. A k-ary access pattern, for k € N, is an access pattern over [k].

For a (possibly infinite) F-relation R = VT, we write Access’, " for the function that
maps an I-tuple o to the set of O-tuples B such that there is an F-tuple v € R that extends
both o and B. Relation R supports I~~0 if Accesst " () is finite for every I-tuple o and
moreover the function Accessk© is computable.

When O is a singleton {0} we usually write I~-o0 instead of I~~{o}, and similarly for I.
Observe that R < V¥ supports the trivial access pattern F~»J iff the membership problem
for R is decidable. On the other hand, R < V¥ supports §~F iff R is finite. Finally, every
finite F-relation supports all access patterns over F.

» Definition 2 (Access Schema). An access schema is a finite-domain partial function £ over
E that maps an external predicate L of arity k to a set E(L) of k-ary access patterns. By a
slight abuse of notation, we write L € £ if € is defined on L.

» Remark 3. In this paper we will only look at cases for which the membership problem for
each external predicate is decidable, hence we implicitly assume that access schemas always
contain the access pattern [ar(L)]~F for every external predicate L.
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» Example 4. Consider a database with a unary relation N and a binary relation E storing
nodes and edges of a graph. Let S be of the set triples (u,v,£) such that there is a path
from u to v of length £ in the stored graph. Although S does not support {1,2}~+3 (there
might be infinitely many paths of different lengths from some w to some v), it supports
{1,2,3}~F since it is easy to test if there is a path of length ¢ from node u to node v. In
fact, S supports all access patterns [~~O with 3 € I. That said, a system may choose to not
provide the access pattern 3~{1,2} because it might be too expensive due to its inherent
quadratic complexity. The access pattern 1~+2 corresponds to allowing to return all nodes
reachable from a given node. This access pattern is also supported by S (despite using a
strict subset of the three positions of S) and is less costly computationally.

User defined functions often depend on the content of the database: in Example 4, the set
S depends on the stored graph. However, to keep our framework simple, we shall disregard
such dependencies, just as we disregard integrity constraints such as £ € N x N. This does
not limit the scope of our results because our algorithms and inference systems are designed
to work uniformly with all databases and all interpretations of external predicates, including
the intended combinations. While incorporating such dependencies into the model might in
principle allow obtaining stronger results, we believe this is not a priority.

» Definition 5 (E-Interpretation). An interpretation A is a partial function that maps external
predicates to possibly infinite relations of matching arity, i.e \(L) € V) for L e £. It is
an E-interpretation if, for each L € £, the relation \(L) is defined and supports all access
patterns in E(L). We write A(E) for the set of all E-interpretations.

Note that Accessﬁzz? is finite for every E-interpretation A and pattern I~~O in E(L).

Consider Example 4 and let £ be the access schema mapping a name PathLen € E
to {{1,2,3}~, {1,3}~2,{2,3}~1}. Then the function that maps PathLen to the set S
in Example 4 is an £-interpretation. As the name suggests, access patterns in £(PathLen)
model how the engine allows one to access predicate PathLen, not only the finiteness and
computability of this information. Hence, an -interpretation A might be such that A(PathLen)
supports some access pattern I~~O ¢ E(PathLen), such as 3~+{1,2} in our case.

» Definition 6 (Queries). A query over access schema &, database schema S, and output
schema F is a function q : A(§) x DB(S) — 2VT; that is, given an E-interpretation and
a database over S, it returns a (possibly infinite) set of F-tuples. We then also call g an
E-query. If F = [k], we say that q is k-ary. In particular, the output schema of a unary
query is {1}.

» Example 7. Continuing Example 4, consider an external predicate Rank that computes the
rank of a node based on the graph that is encoded in the database relation E. So, Rank is a set
of pairs (u, ) where u is a node and r is a value normalized to the interval [0,1] (e.g., PageRank,
betweenness, or another centrality score). The query HR(z) = 3r Rank(z,7) A7 > 0.8
determines if a node = has a high rank. The query N(u) A HR(u) A (VoE(v,u) = —HR(v))
returns all nodes u that are highly ranked such that all nodes v with edges to u are not

(which may be interesting to detect cases of bots trying to artificially boost importance).

Notice that, formally, different interpretations A can be used to associate different meanings
to Rank (PageRank, etc.).
2.2 Computability of £-queries

Since external predicates are potentially infinite, we need to define what it means for queries
to be computable, because infinite objects are not usually part of the input of computational
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problems. We base our computational model on Turing machines with oracles.

» Definition 8 (Turing Machine with Oracles, adapted from [4]). A Turing machine with k
oracles wy, ...,wg is a 3-tape Turing machine with an input tape and two special working
tapes, called the oracle input tape and the oracle output tape, as well as special states call;
and return; for every i € [k]. Moreover, the transition table does not have any transitions
originating in call;, nor leading to return;.

Given an interpretation of each oracle name w; as a function §; from words over the tape
alphabet to words over the tape alphabet, the machine behaves as an ordinary Turing machine
except when it enters a state call; for some i € [k]. Whenever this happens, the current
content of the oracle output tape is replaced with Q;(u) where u is the current content of the
oracle input tape, and the machine mowves to state return;. For a deterministic machine M
with k oracles, we write M (w) for the output computed by M with oracle functions
Qq,...,Q over input w.

From now on, we assume (as is standard in descriptive complexity and finite model
theory) that we have some fixed encoding of tuples and relations as words over the tape
alphabet (see examples in [2, 16, 24]). With this, we can speak of Turing Machines taking a
database or a tuple as input and returning a set of tuples.

» Definition 9 (&-algorithm). For an access schema &, by an E-algorithm A we mean a
deterministic Turing machine M with an oracle named Li..o for each L € £ and I~~0O in
E(L). For an E-interpretation X, by AN we denote the function M where Q interprets each
oracle name Li...o as Accessgfz?. We say that A computes a function f: A(£) x X - Y,
for some sets X, Y, if ANx) = f(\, x) for every E-interpretation X and x € X. We say that
f is uniformly computable if there is an &-algorithm that computes it. We then also say that
f(A, ) is uniformly computable from input x.

The above definition applies to £-queries which are functions ¢ : A(€) x DB(S) — 2V,
thus it specifies when £-queries are uniformly computable. Later we also apply it to functions
f:AE) x DB(S) x VI — 2V7 for I < F that additionally take an I-tuple as input, which
corresponds to letting X = DB(S) x V..

Note that the notion of computability provided by £-algorithms is uniform with respect
to E-interpretations. That is, not only is the function computable for each interpretation,
but it is computed by the same algorithm given by a single Turing machine with oracles.
As such, it corresponds to the intuition of a program that can call external functions: the
program itself is fixed and independent from the external functions, whereas the output
of the program depends on the semantics of the external functions. The interfaces to the
external functions are given by £. Continuing Example 7, an £-algorithm would iterate
through all nodes in the relation E of edges, use oracle calls to determine their rank, and
then return all nodes v with high rank for which all its in-neighbors do not have high rank.

To round off the discussion of computability of £-queries, let us sketch a simple connection
to query evaluation in the classical setting. If A is a finite E-interpretation, i.e., (L) is
finite for all L € £, it can be materialized and stored in the database. In general this is not
possible, but the following proposition (a variant of a folklore property of Turing machines
with oracles) shows that, for uniformly computable queries, it suffices to store a sufficiently
large finite chunk of each external predicate.

» Proposition 10. Let q be a uniformly computable &-query over database schema S and
output schema F. For every database D over S and every E-interpretation X\ there is a finite
E-interpretation N such that N'(L) € A(L) for all L € £, and q(\, D) = q(N, D). Moreover,
some such X' is uniformly computable from D.
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2.3 Safety of £-queries
A prerequisite for the computability of £-queries is safety, i.e., finiteness of the output.

» Definition 11 (Safety). An E-query q is safe if g(\, D) is finite for every &-interpretation
A and database D.

However, a safe £-query needs not be uniformly computable (see Example 33 in the
appendix). Our goal is to derive uniform computability for queries expressed in formalisms
such as relational algebra or first order logic. For this we need a notion that is flexible
enough to propagate up the syntax tree of the query and captures not only finiteness
but also computability. With these postulates in mind we introduce relative effective
safety. To keep the definition concise, we use two auxiliary notions. For an £-query ¢
over database schema S and output schema F, and access pattern I~~O over F, we define
g"0 : A(€) x DB(S) x VI — 27 such that ¢/~9 (), D, a) = Access, 3Dy (@) for all A € A(E),
D € DB(S), and a € VI. By an overapprozimation of a function f : X — 2¥ we mean any
function f’: X — 2 such that f(z) < f/(x) for all z € X.

» Definition 12 (Effective safety). Let g be a £-query over output schema F and let I = F. The
query q is effectively safe relative to I if there is a uniformly computable overapprozimation
of ¢!F. When I = &, we simply say that q is effectively safe.

Intuitively, relative effective safety means that, given values for all fields from I, we can
uniformly compute, from an input database, a finite upper bound on the set of query answers
having the specified values in all fields from 7. In particular, if a query is effectively safe,
then not only do we know that it is safe but we can also compute an upper bound on the set
of answers on a given database. For instance, the query in Example 7 is trivially effectively
safe because the set of nodes in N is always an overapproximation of the output of the query.

In Definition 12 we let the algorithm compute an overapproximation of ¢/~*%, rather

than ¢/~ itself, in order to simplify propagation up the syntax tree, as illustrated below.

» Example 13. Consider effectively safe unary £-queries q1, g2, an arbitrary unary E-query g3,
and assume that {1,2}~+4 belongs to £(L), for some L € E with ar(L) = 4. Then, the unary
E-query q, below, is also effectively safe.

q()\, D) = {x4 } 31‘1 €Eq1 (/\7 D) 33’;2 € QQ()\,D) 3.%‘3 € q;),()\, D) (%1,.%2,3?3,.%‘4) € )\(L)}

Indeed, by the hypotheses, there are two £-algorithms A1, A5 that compute overapproxim-
ations of ¢2~! and ¢¥".
every a; returned by A; and ay returned by As, call the Ly 2.4 oracle on input (a1, az).

Return the union of all sets returned by these (finitely many) calls. It can be verified that A

From them, one may build the following £-algorithm A. For

computes an overapproximation of qg”*l.
Note that our reasoning needs no assumption on g3, and is valid only because we work with

overapproximations. Indeed, one cannot uniformly compute g2~ from q? 1 and q? 1

Ultimately, however, we need the exact set of answers. To facilitate this, we introduce a
complementary notion of testability, which will be derived separately.

» Definition 14 (Testability). An E-query q over output schema F is testable if ¢7 9 is
uniformly computable.

Thus, ¢ is testable if checking whether o € ¢(A, D) is uniformly computable from D and «.
While effective safety alone does not guarantee uniform computability (see Example 33 in
the appendix), together with testability it captures uniform computability exactly.
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» Proposition 15. An E-query q is uniformly computable iff it is effectively safe and testable.

Using overapproximations allows us to reason about the effective safety of single fields
rather than the whole query, which further improves propagation up the syntax tree.

» Definition 16 (Relative effective safety of fields). Let ¢ be an E-query over output schema F
and let I < F. A field o € F is effectively safe in ¢ relative to I if there is a uniformly

I~o0

computable overapproximation of q

For instance, if L € £ and ¢ is the £-query mapping each (A, D) to the relation A(L) then,
for each I~~0 in (L), each field o € O is effectively safe in ¢ relative to I.

» Proposition 17. Let q be an E-query over output schema F and let I < F. Query q is
effectively safe relative to I iff each field in F is effectively safe in q relative to I.

In the remainder of the paper we use the criterion in Proposition 17 as an equivalent
definition of (relative) effective safety.

3 Relational Algebra with External Predicates

In this section, we consider Relational Algebra (RA) in the unnamed perspective, adjusted
to handle external predicates. For an access schema &£ and a database schema S, the syntax
of E-expressions (of RA) over S is given by the grammar

Ew=R|L|a|EvE | E-E| ExE]| 0,.,(FE) | ns(E)

where Re S, Le &, ae V¥ 4,5 €N, and s € N* (note that s can have repetitions). In what
follows, by an RA expression we mean an E-expression of RA over S for some access schema
& and some database schema S. The semantics of an E-expression E over S, written [E],
is a function that maps an E-interpretation A and a database D over S to a set of tuples,
defined as follows. For R e S and L € € we have [R] (A, D) = D(R) and [L] (A, D) = A(L).
The rest of the inductive definition is as usual [2]. We denote by ar(E) the arity of E (defined
as usual) and by pos(F) the set of positions in E, that is, pos(E) = {1,...,ar(E)}. We only
allow expressions F10Fs with 0 € {U, n, —} whenever ar(E;) = ar(E»).

Note that the semantics [E] of an E-expression E over S is a query over access schema &,
database schema S and output schema pos(E). We call E testable, effectively safe (relative
to a set P < pos(E) of positions), or uniformly computable, if so is the query [E]. Similarly
we say that position i is effectively safe in E relative to P, if so is field ¢ in the query [E];
that is, [F] P has a uniformly computable overapproximation. In the following proposition
we highlight some basic facts about testability and effective safety of £-expressions.

» Proposition 18.

1. Some RA expressions are not testable, and some are not effectively safe.

2. All RA expressions without external predicates are testable and effectively safe.
3. Testability, safety, and effective safety of RA expressions are undecidable.

Proof sketch. Concerning item 1, consider an empty database schema S and an access
schema £ with a single binary predicate L such that £(L) = {{1,2}~~¢f}. Then, the
& expression Ey = L is not safe and hence not effectively safe. Concerning testability, we
show that there cannot be an £-algorithm A that uniformly decides whether a € [E1] (A, D)
from input (D,a) where E; = 71(L). The contradiction arises with two interpretations:
A (L) = & and Ao(L) = {(a,v)}, where v is a value not appearing in any of the finitely many
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calls of the Ly o). oracle during the execution of A* (D, a). The execution of A*2(D, a)
is identical to the one of A* (D, a), though the first should accept and the second reject.
Ttem 2 is easy. For item 3, given an RA expression F' without external predicates over a

schema S, testing if the output of F' is empty on each database is undecidable [2, Ch. 8§].

Undecidability of (effective) safety is obtained by using expression Ey x F', and undecidability
of testability by expression Ey x F', where Ey and E; are the expressions from item 1.  «

3.1 Inference System ISga

We now present an inference system ISgra for deriving effective safety and testability of RA
expressions. Then, we will prove that ISga is sound (Theorem 20), that it can derive effective
safety of all expressions without external predicates (Proposition 22), and that derivability of
testability and effective safety in the system is decidable (Proposition 21). In ISga, we write
“i is effectively safe in E relative to P” as F+— P —i and “F is testable” as F|. Moreover,
whenever we write F + P —o4, we implicitly assume that P < pos(E) and i € pos(E). In
rule (9) below, P2 + ar(E7) stands for {j + ar(F1) | j € Po}. In rules (14) and {(15), the tuple
s of positions is used as a function {1,...,|s|} — pos(E) and in rule (21), set(s) is the set of
elements in s.

Axiom, weakening, and cut

a o E+P—oi @ E+P—oi Er P —7
Et+ {i} —oi Er- Pu{i'}—oi Er Pu (P —{i})—od
Atomic RA expressions
* - PONY 3
<4>7a'_®ﬂiaeV <5>R|—®wiRES <6>L'_I%Z,Le€,l Oe&(L),i€eO
RA operations
<7 El'—Pl—OZ Eg}—PQ—OZ El}—Pl—OZ <9 E2|—P2—O’L
FiUFEs- P uPy—oi Fy x Es Pp —o1 EleQFP2+ar(E1)—oi+ar(E1)
FEi+— P, —o1i
10 : 11 12
< Ey — By P —oi ¢ 0,=;(E) = {i} —oj ( 0,25 (E) = {j} —oi
Er P—od . ) E+ P—o1 , . .
=) A P') = P s(i') =
B ror  mmrm—r V0 Sy o () = el =
Testability
(16 aeV* (A7——ReS (18y——Leé& <19>A
{o}l R’y Ly o (E)
0 B Esl 0e (o — %) @ E| FE set(s) —oi for each i € pos(E) — set(s)
(E10 E2)ll ms(E)|

Note that atomic RA expressions are effectively safe and testable (Proposition 18.2), hence
the rules {(4), (5), (16) and (17). Similarly, effective safety for external predicates (rule (6
are implied by the presence of suitable access patterns (Remark 3). Testability for external
predicate (rule (18)) is unconditional, because the trivial access pattern is always present.

» Example 19. The inference system we presented is suited to the rather minimalistic syntax

we use. To illustrate how the system works, let us consider a derived operation: intersection.

It follows directly from the definitions that if position i is safe in expression E relative to
positions P, the same is true in expressions £ n F and F n E. Hence, if we allowed the
n-operator in the syntax, it would be natural to add the following extra rules.

Fi+— P —o1t 93 FEot Py —o1
BBy P i O B A B Py i

(22
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Can we derive them in our system? Actually, it depends on how we express the intersection
operator using the already supported operators. If we take Ey n Ey = FEy — (F1 — E»),
then we can derive rule (22) using an application of rule (10). However, there is no way
to derive (23): the only rule applicable to the expression E; — (E1 — E») is (10), and it
drops all information about the second argument. On the other hand, if we take Fy n FEoy =
71,...n(O1=n+1 - - - On=2n(E1 X E2)), where n is the arity of both F; and Es, then both rules
are derivable. For instance, we give below the derivation tree corresponding to rule (23) in
the case where Ey and Fs are binary, P, = {1} and ¢ = 2.

Ey {1} —02
@ E1 x By - {3} —4
13) Ogzyq(Er X Eo) = {3} —o4 12) 0y-4(E1 X Eo) - {4} —2
3) 0y (E1 x Ea) - {3} —o2
<g oreg( ) {1} o3 O (0yea(Br % Ea)) - (3] o2

0125(092,(E1 X E3)) - {1} —2
T1,2(0123(054 (E1 X E2))) = {1} —2

15)

Note that it is not surprising that different statements are derivable depending on how
an operator is expressed. Indeed, equivalence of RA expressions is an undecidable semantic
notion, while statement derivability is a decidable syntactic notion.

3.2 Soundness and Completeness of ISga
Unsurprisingly, the proposed inference system is sound.

» Theorem 20 (Soundness of ISgpa). Let E be an E-expression over S.

1. If the statement E| is derivable in ISga, then E is testable.

2. If, for some i € pos(E) and some P < pos(FE), the statement E+ P —oi is derivable in
ISra, then position i is effectively safe in E relative to P.

Less typically, our inference system is effective, meaning that it is decidable whether a
given statement is derivable and if so, a derivation can be computed.

» Proposition 21. ISga is effective.

As our inference system is both sound (Theorem 20) and effective (Proposition 21), it
cannot be complete, because both testability and effective safety for RA are undecidable
(Proposition 18). From a practical view-point, an advantage of a decidable but incomplete
inference system over an undecidable but complete one, is that it defines a decidable class of
safe and computable queries. When such a system is integrated into a query engine, the user
can get transparent guarantees, rather than best-effort behaviour based on opaque heuristics:
the engine can show the rules to the user and promise to derive everything derivable.

While ISga is incomplete in general, it does offer some relative completeness. First, as a
basic sanity check, one may verify that ISga is complete for RA expressions without external
predicates. As these are all testable and effectively safe (Prop. 18), we have the following.

» Proposition 22. For every RA expression E without external predicates, E|, and B+ & —oi
are derivable in ISra for every i € pos(E).

Moreover, we can prove that ISga is complete up to query equivalence when only trivial
access patterns are used in the access schema.
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» Theorem 23. Assume that E(L) = {[ar(L)]~@} for all L € . Let E be a uniformly
computable £-expression over S. Then there is an E-expression E such that [E] = [E], and
statements EU and E+ & —oi are derivable in 1Sga for all positions i of E.

4  First-Order Logic with External Predicates

We now move to first-order logic (FO). Due to the presence of external predicates, we work
with the classical semantics, in which quantified variables range over the infinite set of values
V, rather than the active domain semantics. Note that we cannot reason about safety of FO
formulas by translating FO to RA: we know that safe FO equals RA, but this says nothing
about unsafe FO formulas. We need to know which formulas are safe before we can translate
them into RA. Could we have started with FO instead and handled RA by translation to
FO? Such a translation is possible in principle, but since no inference system for safety can
be complete, the resulting notion of safety for RA would then be translation-dependent. In
practice, this would mean that a user writing a query would be getting errors about the
translated query, not the one originally formulated.

We define syntax and semantics of first-order logic adjusted to handle external predicates
as follows. Let X be a set of variables, S a database schema, and £ an access schema. The
syntax of formulas ¢ over an access schema £ and database schema S, also referred to as
E-formulas, and terms t is given by the grammar

pu=R@) | L@) [ t=t | ove | prp | mp | Jzp | Voo tu=c |z

where Re S, Le &, ceV, x € Xand T € X*. For simplicity, we assume that if we have 3z ¢
or Yz ¢, then x appears in . We use the classical notion of free variables of a formula ¢,
denoted by fv(y). The semantics of a formula ¢ is defined with respect to an £-interpretation
A, a database D over S, and a valuation p : fv(¢) — V of the free variables of ¢:

A D, u k= R(@) iff u(z) e D(R) and A, D, p = L(Z) iff u(Z) € A(L);

the interpretation of Boolean connectives A, v and — is standard;

A, D, = 3z iff there is v € V such that A\, D, u[z—v] = ¢ where the valuation u[z—uv]

extends p with p[a—v](x) = v;

A D, p =V ¢ iff \, D, p[z—v] E ¢ for every v e V.

For an &-formula ¢ over S, we let [¢] (A, D) = {p: fv(p) = V | A, D, p E ¢} for all
Ae A(€) and D € DB(S). Recall that an fv(p)-tuple is a function fv(¢) — V, hence [¢] is
an £-query over database schema S and output schema fv(yp). We call formula ¢ testable,
effectively safe (relative to a set X < fv(p) of variables), or uniformly computable, if so is
query [¢]. Similarly, a variable y € fv(y) is effectively safe in ¢ (relative to X < fv(yp)), if so
is field y in the query [¢].

Also, to handle unrestricted negation —¢ (the difference operator F; — E5 in RA is
guarded negation), we introduce a dual notion of co-safety; it will facilitate meaningful
inferences for formulas outside the positive fragment of FO. Variable y € fv(y) is effectively
co-safe in @ (relative to X < fv(yp)) if y is effectively safe in —¢ (relative to X).

By the correspondence between RA and FO, we have an analogue of Proposition 18 for
FO. In particular, testability and effective (co-)safety are undecidable for FO formulas.

4.1 Inference System ISgg

Like for RA, we use a sequent-like notation. For X < fv(y) and y € fv(y), we write p - X —oy
for “y is effectively safe in ¢ relative to X7, and ¢ - X —ey for “y is effectively co-safe in ¢
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relative to X 7. Moreover, we represent rules that are identical for safety and co-safety as
a single rule, with the symbol =g representing either —o or —s. Note that this choice must
be consistent when a rule is applied: if =3 appears multiple times in a rule, then either all
occurrences are interpreted as —o or all are interpreted as —e.

Axiom, weakening, and cut

X =3 X —o© X' —oq/
(24) (25 ® Y 26 [ oY l‘Pl— —Oyl
o {z} =3z - Xu{ =3y e Xu (X —{y}) =8y
Atoms
My———— yeXveV 28— yeX,veV (29 ,yeX
€ >y:UF®wyy v ( >v=yk@wyy v € s w—L
<30 z,ye X 31 ReS,je{l,...,n}

R(Il,...,xn)l— @wmj
Leé& I~~0€&(L),jeO

=y {z} —oy
(32

L(zi,...,zn)F{z; | i€} —ou;

Boolean operations

(33 p1- X1 —oy ok Xy —oy (34 pri-Xi—ey ook Xo—ey
01V o2 X130 Xy —oy p1 AP X1 uXo—ey
X X X

(35 w1 Xq—oy (36 P11 Ag—ey 37 P A —ey

Y1 A2 X1 —oy Y1V r = Xo—ey - X —oy
2= Xo —oy (39 P2 - Xy —ey (40 o X —oy

P1 A P2 Xo—oy P1V 2 Xo—ey o X—ey

Quantifiers
e XJy e XJy

41y X 42— X

< >E|z<p|—X:’yz¢y’Z¢ < >Vzgo|—Xﬁyz7éy’z¢

Testability

43)——t1,t20 e VU X 44 ReS 45y————L€&

< >t1=t2U b < R(.’El,...,l‘n)u ¢ >L(J,’1,...7.’L‘n)ll
o1l w2l el

U6 2Y g e (v, A} Un—"—
(10 p2)| (—e)l

Testability of quantified formulas requires some minimal safety of the eliminated variable.

f _ —0 fi _ —o
s el o fu(p) —{} =22 cefle) a9 el o f(p) —{z} =8% 2 e fu(e)
Az @)l (Vzp)ll

4.2 Soundness and Completeness
As in the case of RA, our inference system for FO is sound and effective.

» Theorem 24 (Soundness of ISgo). Let ¢ be an E-formula.

1. If the statement | is derivable in |1Sgg, then ¢ is testable.

2. For X < fv(p) and y € fv(ip), if the statement o= X —oy (resp. ¢ = X —ey) is derivable
in ISgo, then variable y is effectvely safe (resp. effectively co-safe) in ¢ relative to X.

» Proposition 25. ISgg is effective.

As for RA, this precludes general completeness, but we can show that ISgg is complete for
safe-range FO formulas [1, Chapter 5] (see the appendix for the definition). The importance
of safe-range FO formulas stems from the following folklore result concerning safe queries
(i.e. that always return a finite set of tuples, as per Definition 11).

» Theorem 26 (Folklore). For every FO formula ¢ without external predicates such that
the query [¢] is safe, there is a safe-range FO formula ¢’ without external predicates such

that [¢] = [¢']-
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Note that in the absence of external predicates, all safe FO formulas are effectively safe
(because they are testable). The class of effectively safe formulas defined by I1Sgo includes all
safe-range FO formulas.

» Theorem 27. Let ¢ be an FO formula without external predicates that is safe-range. Then,
the statements ol and o+ & —ox for each x € fv(p) can be derived in ISgg.

Note that our system avoids normalizing formulas by relying on co-safety. Let us see
that ISgo can derive effective safety also for some non-safe-range formulas without external
predicates.

» Example 28. Consider the formula ¢(y) := =3z (—=R(z,y) v S(x)) with R, S € S. Note that
(y) is trivially false for each y because R is finite. Using our inference system one can derive
p & —oy by alternating between safety and co-safety: starting from R(z,y)+— & —oy, we
can apply rules (40), (36), (41), and (40) to derive —3z (—R(z,y) v S(z)) & —oy. However,
 is not safe-range.

Analogously to the RA case, we are now ready to prove completeness of the inference
system of Section 4.1, up to query equivalence, in the case of trivial access patterns.

» Theorem 29. Assume that E(L) = {[ar(L)]~} for all L € €. Let ¢ be a uniformly
computable E-formula over S. Then there is a E-formula ¢ such that [¢] = [¢], and
statements @l and ¢+ & —ox are derivable in ISgo for all x € fv(P).

Note that this result does not contradict [30] which states that safe queries may not have
effective syntax for a particular interpretation A, as queries safe under that interpretation

need not be safe under all interpretations (and thus they need not be uniformly computable).

5 Combining Algebra and Logic

We are now ready to approach the combination of relational algebra and first-order logic,

announced in the introduction. All we need to do is connect RA expressions and FO formulas.

This is done by turning each formula into an algebra expression that produces the set of
valuations of free variables that satisfy the formula (comprehension), and turning each algebra
expression of arity n into a formula with n free variables (membership).

5.1 Syntax and Semantics

The grammars for £-expressions over S and £-formulas over S are combined into one and
extended with productions

E == {T:¢} (Comprehension) and ¢ = FE(T) (Membership)

where T € X*. We refer to the resulting expressions as FO/RA expressions. Observe that an
expression E can now have free variables, denoted by fv(E). We let

V({z1, ..k 0)) = (e)—{z1,... z} and  N(E(z,...,x5)) = V(E)U{zy, ..., 3}

Note also that the productions ¢ ::= R(T) and ¢ ::= L(Z) are now redundant because they
are generalized by the membership rule above, and can therefore be omitted.

The semantics of both formulas and expressions is given with respect to a database D, an
interpretation \ of external predicates, and a valuation p of variables (which can now occur

19:13

ICDT 2025



19:14

Queries with External Predicates

also in expressions). We define the semantics of comprehension and membership (which
make formulas and expressions interdependent) as follows:

[{z1,. . sze 0}, (A D) = {(v1,...,08) e V¥ |\, D, plzy — v1,... 25 — vp] E @}
ND,pE E(xy, ... x) iff (u(),... p;(zr)) € [E£], (A, D)

A FO/RA formula ¢ defines a query [¢] over output schema fv(ip),
[e] (A, D) = {ne V¥ |\, D, uE o}

A FO/RA expression E defines a query [E] over output schema pos(E) u fv(E),
[E](A\D) ={aup|aecVre®) e VP qe[E], (A D)}.

» Example 30. Let R and S be binary predicates. The expression {(x,y) : 3z R(z, 2) AR(z,y)}
returns endpoints of paths of length two in relation R, while {(x,y) : 3z (R— S5)(z,2) A (R—
S)(z,y)} returns endpoints of paths of length two in R — S.

The definitions of uniform computability, testability, as well as (relative) effective safety
and co-safety carry over immediately to FO/RA formulas and expressions. In particular,
o€ pos(E) u fv(E) is effectively safe in E relative to A < fv(E) u pos(E) if so is o in [E].

5.2 Inference System ISgo/ra

The inference system for FO/RA combines the systems for FO and RA, along with additional
rules that allow moving between formulas and expressions. As before, we use a sequent-like
notation: for A € pos(E) u fv(E) and o € pos(E) u fv(E), we write E+ A —oo0 for “o is
effectively safe in E relative to A”.

ISro/ra consists of three parts. The first part is ISfo, as defined in Section 4.1. The
second part is ISga from Section 3.1, slightly generalized to accommodate both positions and
variables in safety rules. More precisely, in axiom, weakening, and cut, we simply replace P,
P’ and ¢, ¢/ with A, A’ and o, o’. Rules for atomic expressions remain the same. In rules for
RA operations, we replace P, P, Py and 4, ¢/ with A, Ay, As and o, o in rules {7), (8), (10,
and (13). Rules (11), (12}, and (14) are not changed. Rule (9) is replaced with rules
50 EQI—PQUXQ—Oy <51 E2|—P2UX2—Oi

Ey x Eot (Py+ ar(Ey)) u X —oy Ei1 x Est (Py + ar(Ey)) u Xo —oi + ar(Eq)
where Py € pos(FEs), Xo S fv(E3), i € pos(Es), and y € fv(Es). Rule (15) is replaced with

EF+-PuX—oi EFPUX—oy
ms(E)F PP U X —od ms(E)F- P U X —oy

where P C pos(FE), X € fv(E), i € pos(E), P’ < pos(ms(E)), i’ € pos(ms(E)), and y € fv(E).
Rules for testability are not changed except that set(s) in rule(21), is replaced by set(s) Ufv(E).

The third part of ISrg/ra takes care of the two new productions that turn formulas into
expressions and the other way around. For a set A, we let Alo/o’] denote A itself when
o¢ A, and (A —{o}) u {0’} otherwise. Moreover, we write A[o1/0],...,0k/0}], where all 0;’s
are different, as a shorthand for Afo;/0}] - [ox/0},]. With this in place, we introduce the
following safety rules for comprehension and membership productions.

<

s(P)y=P,s(i') =1 (53

(52 s(P')=P

4 Er-A—oi 5 E-A—oy
E(zy,...,xn) - A[l/21,...,n/x,] —02; E(z1,...,20) F All/21,...,n/z,] —oy
(56 oA —ouz; (57 oA —oy

{z1,... 20 o} = Alz1/1,. .. 2y/n] —oi {z1,...,xn @} Alz1/1,...,20/n] —oy
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2 S By _ .

8 . —T ———— - I € X <60>f(£ eX
{xl,...,xn:gp}}—{z}wj {x:@}ll E(ﬂﬁ)U

Note that going from expressions to formulas and back is transparent for testability, as shown

by rules (59) and (60) above.

G i =T (59>

Finally, we show that ISko/ra is sound (Theorem 31), and effective (Proposition 32).

» Theorem 31 (Soundness of ISgg/ra). Let & be an E-expression or an E-formula.

1. If the statement | is derivable in the ISkora, then £ is testable.

2. For A < pos(§)ufv(§) and o € pos(&) ufv(E), if € A —oo (resp. £+ A —e f) is derivable
in ISgo/ra, then o is effectively safe (resp. co-safe) in & relative to A.

» Proposition 32. ISgq ra is effective.

6 Related Work

Our work is closely related to the notion of access patterns [23]: those state that values of
some attributes must be given to retrieve tuples from a relation. While our access patterns
are similar to those studied in the literature [12, 14, 22, 26, 13] they are more general since
we allow patterns of the form I~~O where I U O is not the entire set of attributes. Our
notion of a set X supporting access pattern I~~0O is similar to having a finiteness constraint
I~~0 on X [29] but is again more general. For instance even if for all positions I in X, the
number of values for O is finite (that is, X satisfies finiteness constraint I~~O in [29]), this
does not mean that I~~O needs to allow the access pattern I~~O. For example, even though
the set of phone numbers is finite, an external predicate (or web service) may only allow
access to a phone number if a correct name and address is provided.

Furthermore, in the literature on access patterns, relations are finite, and most of that
work focus on conjunctive queries, their unions, and slight extensions [26, 20], though some
of it was extended to the entire relational calculus [25]. The latter served as the basis for
deriving effective computability in a related setting of bounded evaluation [13, 9]. That work
itself came from formalizing the notion of scale independence in big data querying [3].

Both the access pattern framework [26] and the bounded evaluation framework [13]
present (essentially) derivation rules for first-order logic queries, that are similar to our rules
for safety in Section 4. These however do not touch infinite relations, nor co-safety, nor
testability, and only work in the context of FO (no RA or FO/RA). Importantly, the notions
of computability targeted in these works are rather specific and vary from one framework
to another (e.g., annotated query plans [14], stability [22], V-executability [26]). Here, we
study a general notion of computability in the presence of access patterns (based on Turing
machines with oracles) that subsumes previously considered notions while remaining close to
execution models for queries with UDFs.

Safety with infinite predicates was studied in the settings of constraint databases and
Datalog queries. Regarding the former [21], we know that in general an analog of SafeFO
defined via range-restriction is impossible: there are computable external predicates for
which the safe queries cannot be captured by a recursively enumerable class of FO queries
[30]. A known case of safety captured by range-restriction applies to external predicates
defined over R with the usual arithmetic operations and comparisons [8]. However, these
results already break over Q or Z, which makes them mostly of theoretical interest. Safety of
positive Datalog programs in the presence of infinite predicates is discussed in [27, 29, 11]. In
that case, safety breaks down into two components: safety of one step of the recursion (called
weak safety) and termination of the recursion. Most of the work is about the termination
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of the program. It is undecidable in general [29], and several conditions on the IDBs are
known to make it decidable [29, 11]. Weak safety of positive Datalog programs corresponds
in our setting to safety of UCQs. It is shown to be EXPTIME-complete in [29] and another
algorithm is given in [11]. In both cases, propagation of finiteness dependencies appears in
proofs, but no inference system is explicitly formalised.

Computability in the presence of infinite relations can be quite intricate. Classically
queries are defined as computable maps from finite databases to finite relations [10, 2].
When the finiteness assumption is relaxed, several approaches exist. In recursive databases
[17, 18], relations are possibly infinite but computable, and are given by their defining
Turing machines. This model finds its origins in the theory of computability over recursive
graphs [7, 6]. However in general such infinite computable relations are not even closed
under FO operations, unless they are highly symmetric. Another related setting is that of
metafinite model theory [15], in which database elements can be associated with elements of
an infinite structure (such as, for example, real numbers with arithmetic). While a number
of expressiveness results were obtained in [15], the development of a computational model for
this setting was left for future work, but it was never completed to the best of our knowledge.
On the other hand, a sufficient condition for a positive Datalog program to be computable is
given in [11]: in each rule, the body variables need to be safe relative to the head variables.
It is related to our rule (48), and their condition would be that this rule is applicable for
every existential quantifier.

7 Conclusion

We formalized queries with external predicates along with a corresponding notion of comput-
ability, requiring the existence of a uniform algorithm that communicates with an oracle for
each access pattern to an external predicate. This means that the same algorithm (where
only oracles change) always computes the correct query result and works for every possible
interpretation of the external predicates. We also characterized computability of arbitrary
queries in terms of their effective safety and testability.

In our quest for computability, we presented effective rule systems for inferring effective
safety and testability for RA, FO, and FO/RA. Our inference systems can used as working
components of an actual DBMS, providing a transparent and effective sufficient criterion
for computability. When such an inference system is integrated in a query engine, the user
gets transparent guarantees, rather than best-effort behavior based on internal compiler
heuristics. The latter happens in languages such as Rel and .QL, where safety guarantees
are inferred from the compiler’s behavior (that may well change) rather than cast in stone
in the documentation. We make another important step towards applicability in real-life
languages by studying safety and computability in a language that combines FO with RA,
as happens in many relational query languages. We believe a variety of language-specific
features can be covered simply by including additional rules into the inference system. An
interesting question is how to use the insights gained during inference to build query plans.

A fundamental open question is the completeness of our inference systems. Safety, effective
safety, and testability are undecidable for RA and FO, so any effective inference system
for these notions must be incomplete, but we did prove relative completeness (up to query
equivalence) in the case when the external schema only provides trivial access patterns. Can
this be extended to arbitrary access patterns? A positive answer would mean that derivable
computability, despite being more restrictive than computability, does not additionally limit
the expressive power of queries.
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A  Supplementary Materials for Section 2 (Framework)

» Proposition 10. Let g be a uniformly computable £-query over database schema S and
output schema F. For every database D over S and every E-interpretation X\ there is a finite
E-interpretation X' such that N'(L) € AM(L) for all L € £, and q(\, D) = q(X, D). Moreover,
some such N is uniformly computable from D.

Proof. Let A be an £-algorithm that computes ¢q. Let D be a database over S, and A
an E-interpretation. Let us run the algorithm A on input D with E-interpretation A, and
log all calls to each oracle along with the received answers. For every call to oracle L;..o
with input o : I — V and every tuple 5 : O — V received in return, there is a witnessing
tuple v € A(L) that extends both « and . Let us pick one such « for each o and 3, and
let X(L) be the (finite) set of all tuples picked for all oracles Lj..o with I~~O ranging
over £(L). Because X(L) is finite, it supports all access patterns in £(L). Hence, X is an
E-interpretation. We claim that A*(D) = A (D). Indeed, for each logged oracle call, the
answer is the same with interpretation A\ and with interpretation N A simple argument by
induction on the number of steps shows that the runs of A with interpretation A and with

interpretation )\ are the same, which gives the claim. Because the algorithm computes g, we
have q(\, D) = AMND) = AN(D) = q(\, D).

Every choice of witnessing tuples gives a finite interpretation X such that q(\, D) = q(X, D).

Let us see that we can uniformly compute some such A from D. For every call to oracle
L;...o with input « and every [ received in return, rather than guessing a witnessing tuple
v € A(L), we compute it: we iterate over all tuples v € Vo) that extend both o and 3,
and for each such v call the oracle L, (1)]..z- Because some witnessing v exists, the oracle
will give the positive answer eventually. Then we add the current ~ to X(L) This gives a
terminating £-algorithm that computes some ) such that q(\, D) = q(j\7 D). <

» Example 33. Consider the binary relation H containing all pairs (M, k) where M is a Turing
machine that halts in exactly k steps on the empty word. Notice that H supports {1,2}~J;
indeed, it is decidable to test if a given (M, k) is in H or not. Let Halts be an external
predicate symbol and £(Halts) = {{1,2}~¢f}. Consider now a database relation symbol TM
and the database D mapping TM to a finite set of (encodings of) Turing machines we are
interested in.

The query returning all « such that TM(z) A 3k Halts(x, k) is not only safe, but also
effectively safe. Indeed, for every database D and every £-interpretation, the set of returned
answers is a subset of D. However, the query is not uniformly computable because any
hypothetical £-algorithm 4 computing it could be used to solve the halting problem. Indeed,
by taking A : Halts — H, we would have that A*(D) is the set of all Turing machines
in D which halt on the empty word, and this for all D. In particular on databases D,
containing a single Turing machine M, the set A*(Dy;) would be {M} iff M halts on the
empty word. Notice that A* is a computable function (in the classical sense). In fact A,
under interpretation A, can be turned into an ordinary algorithm by replacing each call to
the Halts oracle by the the decision procedure for H. We would then have an algorithm for
the halting problem. For similar reasons the query is not testable (see Definition 14).

» Proposition 15. An E-query q is uniformly computable iff it is effectively safe and testable.

Proof. Let ¢ be an £-query over database schema S and output schema F.
Suppose that g is uniformly computable. It follows immediately that there is a uniformly
computable overapproximation of ¢9~*7: indeed, the query g itself is such overapproximation,
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modulo interpreting ¢ : A(£) x DB(S) — V¥ as a function A(E) x DB(S) x V¥ — V7.
Hence, q is effectively safe. Testability also follows easily: the algorithm simply computes
the set ¢(\, D) and checks if it contains the input tuple.

Conversely, suppose that ¢ is effectively safe and testable. It follows that there are two
E-algorithms, computing ¢ 9 and an overapproximation f of ¢9~7, respectively. An
E-algorithm computing ¢ can be obtained as follows. First, run the £-algorithm computing
the overapproximation f on the input database D and the (F-tuple. Then, for each returned
F-tuple B3, run the E-algorithm computing ¢ % on D and f, test if it returns 5 or the
singleton of the (F-tuple, and—in the latter case—add S to the initially empty output set.
Return the resulting output set. <

» Proposition 17. Let g be an E-query over output schema F and let I < F. Query q is
effectively safe relative to I iff each field in F is effectively safe in q relative to I.

Proof. Let g be an £-query over database schema S and output schema F, and let I < F.
Suppose that g is effectively safe relative to I. Then, there are uniformly computable
approximations f, of ¢/~° for all 0 € F. Let f : A(£) x DB(S) x VI — 2V” be defined as

fO\D,a) = {ﬁ:}"ﬁV|ﬂ(o)€fo()\,D,oz) for alloef}.

I~~F

It is routine to check that f is an overapproximation of ¢ and that it is uniformly

computable.
Conversely, suppose that there is a uniformly computable overapproximation f of ¢/~ .
For each o € F, we can define a uniformly computable overapproximation f, of ¢/~° by

letting fo(A, D, a) = {B(0) | Be f(A\,D,a)}. «
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